Abstract. We derive the results (i) the ortho-normal and completeness relations for normal modes and (ii) non-existence of zero mode for spinor fields in rotating black hole geometry. From these results, we show that superradiant phenomena for spinor fields should be type 2: positive momentum on the horizon (p H > 0) and negative frequency at infinity (ω < 0).
Introduction
Matter interactions with black holes (BHs) are essential for their existence and observation. As the black hole geometry, rotating BH geometry is important for superradiant phenomena (incident intensity < scattered intensity). Especially Anti-de Sitter (AdS) space-time plays the role of reflection mirror and successive superradiant phenomena lead to instability of BHs. Spinors are fundamental as matter fields because multiple spinors can represent Bosons and Fermions, which can be realized by the Bargmann-Wigner formulation.
The organization of this short report is as follows. In sect. 2, spinor fields in Kerr-AdS space-time is studied. In sect. 3, normal modes are studied to derive the ortho-normal and completeness relations. In sect. 4, non-existence of zero mode (p H = ω − Ω H m = 0) is shown with ω, m as frequency and azimuthal quantum number of spinor fiedls, and Ω H as angular velocity of BH. In sect. 5, we show that the type 2 superradiant modes (ω < 0, p H > 0) are consistent. Summary of the obtained new results is given in the final section.
This report is based on our paper [1] including the detailed logic and calculation.
Spinor fields in Kerr-AdS space-time
The line element of Kerr-AdS space-time with Boyer-Lindquist coordinate is
where ℓ = √ −3/Λ is the cosmological parameter and a = J/M is the rotation parameters of BH. The event horizon is defined as the outer zero of ∆ r as 0 = ∆ r ⇒ r = r + .
The Dirac equation for spinor fields in curved spacetime is defined through local Minkowski spacetime, where the Dirac matrices are treated as spacetime independent (Greek suffix (µ, ν...) as curved spacetime and Latin suffix (i,j , ...) as local Cartesian spacetime):
where ω We put the spinor fields as separation of variables in the polar coordinate:
Next we define the chirality eigen-states as
where four component spinors are expressed in two component ones:
Then the Dirac equation reduces to the four ordinary differential equations:
where κ is the separation parameter.
Normal modes: orthonormal and completeness relations
The local conservation law of the bi-field current k µ spinor for Ψ and Ψ ′ holds using the Dirac equations:
The inner product defining the integral of k µ spinor is shown to be constant in time:
where the surface term should vanish:
The boundary condition on R 1 , R 2 are required for vanishing the surface term:
where γ is a phase factor. The orthogonal relation for the separation parameter κ is obtained by using the spinor equations and the boundary condition:
The orthonormal relations for the frequency ω and the azimuthal quantum number m are obtained straightforward. Summarizing there results, orthonormal relations with respect to ω, m and κ are obtained:
with the eigenfunctions
where α = (ω, m, κ) and α ′ = (ω ′ , m ′ , κ ′ ) denote sets of quantum numbers. Any spinor fields can be expanded by eigenfunctions u α and v α :
with the coefficient functions
Inserting the coefficient functions back into the spinor field expression, the completeness relations are obtained:
As the summary of this report, we classify the superradiant modes as follows. (p H ≡ ω−Ω H m denotes the momentum of matter fields on the horizon):
For spinor fields, type 1( ω > 0 and p H < 0) is not possible but type 2 (ω < 0 and p H > 0) is possible by our analysis.
(Note that both types are not possible by other analysis [3, 5, 6] .)
For scalar fields, which is described in our paper [1] though not in this report, type 1 (ω > 0 and p H < 0) is not possible but type 2 (ω < 0 and p H > 0) is possible by our analysis.
(Note that the results are opposite by other analysis. )
